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Abstract — A convex optimization based source estimatiddarlo sampling techniques; backward or inverse modeling
method is presented for dynamic models. The effectivenessthods include adjoint and tangent linear models, Kalman
of the method is illustrated in the context of a simple atméitters, and variational data assimilation.

spheric puff-based dispersion model. Source estimation isMost source estimation algorithms assume that the num-
the process of inferring the source parameters from the sdser of sources is known. When the number of sources is
sor measurements and the physical model. In dispersion, tirknown, source estimation algorithms usually employ ex-
most important source parameters include the locations ahdustive comparison of all hypotheses about the number of
strengths of the sources as well as their number. A sourseurces in terms of accuracy and complexity, which is com-
identification method usually involves global search of thgutationally very expensive. A novel convex optimization-
multidimensional parameter space, including a large arelsased algorithm for source estimation where the number
of possible source locations based on a batch of sensor dafasources is unknown, is presented in [2], for radioactive
gathered over a reasonably long time interval. In this worlsource identification. The objective of the current work is
a grid-based algorithm is presented for efficient sourceideto extend the algorithm to atmospheric dispersion scesario
tification where the number of sources is unknown and masere the release concentration observations are awilabl
be large. The source identification problem is formulated & several time-steps and the release durations might be dif
a convex optimization problem in tifg¢ metric, which ex- ferent for different sources. The algorithm is based on the
ploits the sparse nature of the solution to efficiently estém observation that the contributions of multiple sources to a
the source characteristics. (noiseless) sensor observation satisfy the linear superpo

Keywords: Source estimation, multiple sources, dispersic;{hon principle. This partially linear structure of the syst

P L IS exploited by discretizing the nonlinear part of the syste
models, convex optimizatiord,; minimization. . ) ?
The source estimation problem can then be approximately

; formulated as a convex programming problem, which can
1 Introduction be solved efficiently using open-source or proprietary-soft
High-fidelity dispersion forecasting requires good irktiaware even when the size of the problem is large [3]. This
ization of the dispersion model, accurate propagation gfethod has the potential to provide near real-time source
the dominant modes of the dispersion model, and effegstimation. It is noteworthy that the method is not optimal
tive data assimilation in the presence of hlgh non”nearitﬁ the Bayes sense because of the gnd approximation of the
and uncertainty. Source estimation is the process of infegntinuous space as well as the cost function we choose to
ring the source parameters from the sensor measuremegiigimize, but many strategies exist to further improve the
The source parameters include the locations and strengdB§mation result.
of the sources as well as the number of sources. A sourcerhe remainder of the paper proceeds as follows. First,
estimation method usually involves global search of a largge dispersion and sensor models are reviewed. Then, the
area of possible source locations based on a batch of sgghvex problem formulation is presented, followed by an

sor data gathered over a reasonably long time interval. Thgkrview of the/; minimization method. Finally, the nu-

rithms, especially the recursive algorithms, which are-usu

ally based on local search or local update techniques. A suy- . .

vey of source estimation algorithms for atmospheric dispe?r Puff-Based DISpeI‘SIOH Model

sion was recently presented by Rao [1], including forward A two-dimensional atmospheric dispersion model, based
and backward modeling methods. Forward modeling metbn the RIMPUFF [4] (Riso Mesoscale PUFF) model which
ods include stochastic Monte Carlo or Markov Chain Monteas designed to calculate the concentration and doses-resul



ing from the dispersion of airborne particles, is used. It is1. 2?21 Q;=0Q

a Lagrangian mesoscale atmospheric dispersion puff model,

which applies both to homogeneous and inhomogeneous te?. Z?Zl Qj(df + oiy(j)) = Qaiy
rain with moderate topography on a horizontal scale of up to

50 km, and responds to changing (non-stationary) meteorc3. 2221 Cix,y) = Cix,y)
logical conditions [4]. The model simulates the continuous L

release (emission) of airborne materials by sequentialy r 4. Ouy(j) = 30my

leasing a series of Gaussian shaped puffs at a fixed rate. meere .
amount of airborne materials allocated to individual pu1‘f§r J
equals the release rate times the time elapsed between g

= 1,...,5. Up to second moments of the puff
preserved by the splitting process. We assume that the
Hlturbation to the material concentration distributiole tb

releases. At each time step, the model advects, diffuses ﬂﬁ splitting is small

deposits the individual puffs according to local meteogelo
ical parameter values. 3 Sensor Measurement model

The concentration distribution in each puff is Gaussian _ . _ _ _
in the two dimensional space. The mean of the Gaussianl '€ concentration at a sensor grid pdiry, y,] is avail-
represents the location of the puff center, and the stand&RJe at discrete times. At each sampling instanit is cal-
deviations represent the size of the puff in various dicexi pulated by summing the contributions of all the puffs at that
For simplicity, the Gaussian is assumed circular in our cadestant.
The standard deviation, in the downwind direction is used
as a mathematical tool and is made equal to the standard , ARY N2
deviations, in the crosswind direction [4]. The standard’sx = %em [; <(XZ’“ xg)2+ (¥ = o) )}

deviation of this circular Gaussian is denoteg,. i 2wt (i)
Each Gaussian puff has four parametérs; Y, 0.y, @1, \whereN;, is the number of puffs. Note thét,;, is linear in
where Q:, . The sensor output of the concentration is contaminated
[X, Y] = Centroid of the Gaussian puff Ibg zero-mean white Gaussian noigewith known variance,
0.y = PUff size (std. deviation) (1) ’ G = Coi + vgi @

Q@ = Activity (mass) of the puff ) )
, o Grid-Based Problem Formulation
Note that the subscript for puff indexing has been dropped

for simplicity. The state vector representing all the paffs shimpli sourtk:)le ide_:n:cificati?n p()jrobLen; iIT used 10 illus-
time 5, is of size4Ny, whereNj, is the number of puffs at 'até how the problem is formulated. The following assump-

time t,. The numberN;, of puffs increases with time for tions are made in the problem:

con_tinuous release. It is assumed that all th_e. puffs orig!—l_ All release rate and time parameters are known:

nating from the same source have the same initial centroid

(identical to the source location), size, and mass. Wher2. The error of the dispersion forecasting model is negli-

there arel sources4L independent parameters are needed gible.

to initialize the puffs. Note thal. < N, and L is con- . .

stant. Fewer tharL independent parameters are needddt the puff state (of sizéNy) att, be partitioned as

when certain parameters, for example, the initial puff size T

are assumed to be identical for all sources. The number of Xy = [(XkC)T (XkQ)T} @)

independent source parameters is greater #fiawhen ad-

ditional release-related parameters such as releasearatesvhere X, is a collection of the puff masses &t and ¢

release duration times are included in source estimation. denotes the other stateséat The initial condition of the
The evolution of the parameters of the Gaussian puffsR&ff-based dispersion model is denoted by

described by the puff dynamics. In the absence of dispersion o o

model error, the mass of each puff remains constant. The X0 = [XO Xo} )

other puff parameters are updated based on the local me

rological parameters. A puff splitting scheme is usually e

ployed in the puff based dispersion models like RIMPUF

to accqunt for d|sp(e_r§|on over. complex t?rré?'”s Wh'Ch. m'gcgncatenation of the concentrations at all sensots wiill
result in plume splitting. This scheme is included in o

_ . e denoted by,. Formally, the puff-based forecast model
model to represent a similar structure for testing purpos W Y pu

When an initially small puff is grown to the size comparal-g given by

ble with the grid spacing of the flow model, the original puff
is replaced with five new smaller puffs, under the followingnd
constraints [4]: X2 =2 (6)

tﬁ8fe that whileX, is a large vector of time-varying length
Ny due to continuous release of puffs and puff splitting,
he size ofxg is fixed (at mosttL) and much smaller. The

X = F(XC,x%) (5)



whereF is a vector of nonlinear functions 6t and X, The solution of minimum 1-norm is preferred to the well-
The measurement model is given by known least-square solution, defined by

Ve = G(X0) - &P 7) XL9 = arg min||X |2 subject toAXHS = yn  (13)

whereG(X7) is a matrix of nonlinear functions 6f;”. Be- ot only because the latter cannot guarantee nonnegative
cause both the dynamic model and the observation mogels pyt pecause we know the truth is represented by a

; iny @ Q . .. .
are linear int,* andx,’, we must have sparse vector and the solution of minimum 1-norm is sparser
e 0 than the solution of the minimum 2-norm. Were the truth
Vi =A'(xq) - x5 (8) X not a sparse vector, there would be no reason to pre-

fer a sparse solutioX of our problem. To see that the
whereA’(x§') is a matrix of nonlinear functions off’. Col-  1_norm is a better measure of sparsity than the 2-norm,
lecting all the measurements upt{g we have formally consider twoN-dimensional unit vectorf, 0, ..., 0] and
[1/V/N,...,1/v/N]|T. The former is sparse while the latter
is not. The 2-norms of the two vectors are identical and the

. . 1-norms of them are 1 and N, respectively.
Now we introduce a grid over the parameter subspee It should also be noted that although the solution of min-

The concatenation of the grid points is denotedXfy. If . : s
L imum 1-norm is sparser than that of minimum 2-norm, the
the initial sizes of the puffs are known, we only need to grid " .. . . .
o o . solution of minimum 1-norm is not necessarily the sparsest.
the space of initial puff centroids (identical to sourceadoc

. o . For example, if there are only two vectdis1, 1,0, ...,0]”
tions). The above equation is then rewritten as and[10,0, ... ,O}T satisfying AX = V", the former, be-
= AXS) - X9 (10) cause its 1-norm is smaller, will be chosen as the solution
of the ¢; minimization problem, but the latter is actually

parser. However, finding out the sparsest solution is NP-
Egrd [6]. An iterative reweighting scheme in [6] helps im-
ove the sparsity of the solution, but there is no absolute
guarantee that the sparsest solution can be found by using
the iterative reweighting scheme. The basic idea of itezati
reweighting is to minimize a cost in favor of a sparser solu-
tion than that of minimum 1-norm. Formally, the new cost
is given by

V"= AG) - xg (©)

A zero component oX{ means that there is no actua
source at the corresponding location. This system of equ
tions is underdetermined, but we can solve it using t
/1 minimization method. In ideal caseX;é2 can be per-
fectly 5econstructed as the sparsest vector satisfyifig=
A-X5.

5 ¢; Minimization

. . N
l . X;
The p-norm of a vector is defined by X — arg n}}nH diag(X)] 71X |, = arg H}}n Ziﬂ X

N
X, = Q1) /P (11)
i=1

with 0/0 = 0 in the summation. The new cost corresponds
to the 0-norm ofX or the total number of nonzero elements

The optimal estimat& is defined as the solution to the®f X. To avoid the “divide by zero” problem in practice,

¢, minimization problem for the noiseless case in [5]:  Xi/|X:| is replaced byX;/(|X;| + €), wheree is a small
positive number. The minimization problem is solved itera-

X = argmin||DX||; subjecttodX = Y*, 0 < X < XUBtively using the/; minimization method, with the cost given
1L <X<

b

(12 > N
where D is a diagonal matrix with the diagonal elements X0+ = arg minz X;
given by the 2-norms of the columns of, AX = X \Xi(l)| +e
A(DX) = (AD~1Y)(DX), with A = AD~! a matrix of ) -
unit (2-norm) column vectors. This is called &n mini- whereX(+1) is the optimal estimate in th¢+ 1) iteration
mization problem because the cost is defined by the 1-nogid X" is thei™" element of the optimal estimate from the
of the vector. In the original; minimization problem in [5], th jteration.
the matrix A in the constraintAX = Y™ is assumed to be  |n the present work, the normalized versionbfs used
a matrix of unit column vectors. That is why we introduceﬂ] the problem definition, given bﬁ — AD-! whereD
the normalized version ofl as well asD. The constraint ;o .\ diagonal matrix of the 2-norms of the columnsiof

X UB ; : )
0= X =< X" ¥ requires that all ‘2? eIementst pe NON" The source estimation problem is formulated as:
negative and upper bounded B}’ Z. This constraint is not
inthe/, m|n|m|z_at|on problemin [5] bl_Jt is |mp0rtar_1t in our X — arg min||f)XH1
source term estimation problem, as will be shown in the next X

. . X (14)
section. subject to]| W (AX — Y™")[2 < A, 0 < X < XYP



where\ is a control parameter. A lower bound &fis ob- Source Uncertainty Region and Sensor Locations

tained by solving 1200 7
X = argmin|[W(AX-)")||; subjecttod < X < X"” wooer i iﬁ i ji i i i iﬁ jz

(15) 800F KK KKK KKK
The tuning parametexis determined by simulations. When KK K K K Kk K K K
the control parameter is too small, no feasible solution e __ 600f KK KK KK KKK
ists. When it is too large, the optimal solution may be notl £ KK KK K K K K K
ing but the null vector. We have used 1.1 times the low: 400¢ KKK KKK KK
bound in the second formulation. For the weighting matri KKK KK K K KK
W, we have usedV = I,y because of its simplicity. 200 H KKK KKK
The optimal weighting matri¥}” requires knowledge about o
the noise as well as the error.

_29800 0 200 460 660 860 1(;00 1260

6 Numerical Tests o

The performance of the source estimation technigue using
the above method, is studied for the puff-based dispersipjure 1: Source uncertainty region and Sensor locations on
model, using simulated concentration measurements. Vafe grid
ous source configurations are considered for the purpose of
illustration.
6.3 Results for source estimation

6.1 Setup For the purpose of computing, the source uncertainty
region is uniformly partitioned with a resolution ofm re-

. . sulting inm = 412 grid points. The concentration measure-
the release from the sources continues for als@utwith ments at all sensor locations, s, 80s and100s are used

a puff being released every three time-stefs).( The to construcfy™. The predicted concentration measurements

units of activity can be chosen according to the species ya. .o of puff activityt x 10°, at each of the grid points
der study. Note that the units of concentration are th?Hake up the columns of '

> e . ,
ActivityUnits/m®. The wind speed i8m/s and blows Fig. 2 shows the estimation result for a case of a sin-

tZ acr the region. ; . .
aty across the regio le random source, with an uncertain strength and location.

In the simulation experiments, the sources are assume%tean be seen that estimated locations and strengths of the
be_ a}nywhere in the00rm x 400m, square region around the,source are close to the truth, even though two separate but
origin, shown as a shaded region in figure 1. The activify, 5 sources are predicted. Similarly the estimation re-
of the sources is indicated by the activity of each puff &, tor 5 case of three random sources is illustrated in fig.
leased which, at any given source location, varies uniforms - eyen though six different sources are estimated, the esti

betweenl x 10” and50 x 10°. The true source locations ,a4a |ocations are close to the actual sources and the esti-
and activities are modeled as uniformly distributed randomated strengths are comparable

variables. The concentration measurement sensors are lo-
cated100m apart along each of the axes as shown in figug4 Results with uncertain source release du-
1. The noise in each of the sensors is modeled as a random rations

Gaussian distribution, with the standard deviatior @sof . .

characteristics, when the duration of source release is un-
certain. The duration of source release is characterized
6.2 ComputeA and y" by a parametet, the fraction of the total simulation time
The matrix A is determined by the sensor configuratiofil’ = 240s), after which the source release stops. In the
and the grid resolution of the uncertainty region. Its size above simulationsy is fixed at0.2, meaning the source re-
n x m, wheren is the number of concentration measurdease stops aftei8s. In this exampleq is modeled as a uni-
ments used for the purpose of estimation, anib the total formly distributed random variable betweérn5 and0.25,
number of grid points into which thé)0m x 400m source which means the source release stops anywhere beBgeen
location uncertainty region is resolved. Each column of And60s. To accommodate for varying, A is recomputed
is a collection of all then predicted measurements due téor variousa. The uncertainty interval ofv is uniformly
a source at a particular grid point in the uncertainty regiopartitioned intds grid points, and each original column gf
The vector)™ is a collection of all the noisy concentrationis now replaced b$ columns corresponding to uncertain
measurements during the truth simulation, at various tirfidis results inm = 5 x 412 columns forA in this example.
instants. Fig. 4 shows the estimation result for a case of two random

The sampling interval for the dispersion modeRisand



Source Estimation using L1 norm minimization Source Estimation using L1 norm minimization
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Figure 2: Source estimation (1 source) Figure 4: Source estimation with variaklg2 sources)
Source Estimation using L1 norm minimization i . i
200 s ‘ ‘ g ‘ location with zero strength. Then the estimated source loca
w00l | ¥ estimae| , | tion, corresponding to a particular true source, is obtaine
= *x taking the strength-weighted mean of the estimated source
£ o0 : : ] ; ; i i
- locations in that cluster. The estimated source strength is
-100 : : : 4+ 1 the sum of the strengths in that cluster. The RMSE is eval-
200 ‘ ‘ ‘ ‘ ‘ ‘ ‘ uated by comparing these cluster means and strengths with
0 w0 0 e Gy 0 1 B0 20 the corresponding true source locations and strengths. The

RMSE is obtained by taking square-root of the mean of all
the squared errors.

Table 1 shows the results for different scenarios. All sce-
narios have the sensor observation noise as describeabefor
in section 6.1. It can be seen that the estimation performanc
o a0 drops as expected, with the increase in process model un-

a1
o

Source Strength

1

NO
o
o

o % 00 100 0 certainty. The wind noise is modeled as a random Gaussian
xm variable with a standard deviation o1 /s (SNR =20dB).
Figure 3: Source estimation (3 sources) 8 Conclusion

A convex optimization based method for assimilation of
sources, with an uncertain location, strength and release densor data using atmospheric dispersion models to estimat

ration. the source parameters in chemical, biological, radioklgic
and nuclear (CBRN) incidents is presented. The effective-
7 Discussion of the results ness of the method is illustrated in the context of atmo-

spheric chemical dispersion, using a nonlinear Lagrangian

The performance of the method can be described usipgff-based dispersion model and a nonlinear sensor model
the root mean squared error (RMSE) between estimated aneasuring concentration. The source identification prable
true source locations and strengths. Several scenariosiar®ormulated as a convex optimization problem in the
considered as shown in Table 1. The RMSE for each seretric, which exploits the sparse nature of the solution to
nario is evaluated using0 Monte Carlo runs for each of efficiently estimate the source characteristics, even wiien
them. For the purpose of evaluation of RMSE, the estimatadmber of sources is large. The current work illustrates the
sources are clustered into the same number of clusters asfisctiveness of the method using simulated measurements
the number of true sources. This is done by assigning eaghich are similar to the model predictions. While the ap-
estimated source to its nearest true source. Note that themeach works quite well in predicting uncertainty in multi-
might be a few runs (typically — 6) in which a true source ple sources when the model predictions and observations are
might not have any assigned estimated source. In sucklase, further work needs to be done to extend this method to
case, the estimated source is assumed to be at the true sotwogbine actual field observations with dispersion models.



No. of Sources RMSE position RMSE strength
(m) (x10°)

Fixedo no wind noise

1 1.2598 0.4315

2 5.0801 5.0502

3 10.2308 5.7835
Uncertainax no wind noise

1 1.6736 0.5821

2 10.4144 2.4652

3 13.1449 6.6882
Fixedo with wind noise

1 8.5436 1.3590

2 15.1855 3.3051

3 25.7999 8.5507
Uncertaino with wind noise

1 11.5242 2.1974

2 23.0967 7.4102

3 32.1244 10.5595

Table 1: RMSE for 50 Monte Carlo runs
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